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1 Preliminary

1.1 Setup

We consider the destabilization mechanism of the tearing mode in a 2D slab configuration
{z,y: —7m <z <7, -1 <y <7} We give the anti-parallel magnetic field in the z
direction as follow:

B4 (x) = Bygsin(z/a), (1)
where a is the shear length. For this equilibrium magnetic filed, if the small perturbed
magnetic filed A, (y,t) o cos(k,y) with the wavenumber k, in the x direction, the X-point
is formed at (z,y) = (0,%7) as shown in Fig. M. The ’tilde’ symbol denotes the small
perturbed amount. We demonstrate the time diffentiation of the A, takes positive at the
X-point. The time variation of the magnetic field is described by Faraday’s law,
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where the electric field E can be written by the Ohm’s law as
Vpoe
E+vxB=nj— 2% (3)
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The z component of the electric field contributes to the tearing instability leading to the
magnetic reconnection. To linearize the z components of Eq. () and Eq. (B), we give the
following equilibrium and perturbed amounts.

Az :Az0+Az7 AZO >>Az7
E.=FE,,+ Eza E.o= 0, (4)
Vg = Vg0 + 17:1:; Vo = 07
Uy = Uyo + 1~)y, Vyo > 1~)y.

Taking up to the first order of the perturbation and substituting Eq. (B) to Eq. (B), we
can obtain

0A.(z,y,t)
ot
where jz = —Viflz /1o is the Ampére’s law, B = —0, A0, B’x = ay/L and vy,0 = VUpe
is the electron diamagnetic drift velocity. If we do not give the background pressure
gradient, we can neglect the third term of RHS in Eq. (B).
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Y \flz (y,t) o cos(kyy)

—B,%(z) x sin(z/a)

x

Figure 1: The image picture of the initial magnetic field configuration in the 2D slab. Blue,
black and red solid lines are corresponding to the equilibrium, perturbed and com-
posed magnetic fields, respectively. The X-point is formed at (z,y) = (0, ).

1.2 Derivation of the dominant equation

For generality, we give the small perturbed magnetic field as A, (z,y,t) = A, (z)elFvy—1),
Here w = w, + iy is the complex mode frequency. Eq. (8) for the given perturbation can
be written as

9 oY Aoy = (L 02) Ay t) + 0y )BI@), (6)
(925 UDeay 2\, Y, - 1o 81'2 y 2\, Y, Ve, Y, y z),

The first and second terms of RHS in Eq. (B) are corresponding to the diffusion and
inflow at the X-point, respectively. In order the given perturbed magnetic field to be
unstable, the profile of the v, plays an important role. We derive the profile with the fluid
framework.

The incompressible 1-fluid MHD equation is given by

o2 4 (v V)o=jx B~ Vp, 7)

V-v=0, (8)

where, p and p are the mass density and pressure of fluid, respectively. The x and y
components of the linearized Eq. () with Eq. (&) can be described by
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The prime symbol denotes d/dxz. We need the p profile. Solving Eq. (I0) with the
incompressible condition v, = 10,0, /k, for p, the pressure can be derived as

By . 0 9\ 100,
P op A: = (815 +UDG8 k:2 or (11)

Substituting Eq. () to Eq. (),
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where, Vi = B}/ (pop) is the Alfvén speed defined by the reconnection magnetic filed.

The dominant equations are restated below. Understanding of the destabilization
picture against the given perturbed magnetic field is equivalent to solving the following
eigenvalue problem.
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Here, d/dt’ = 0t + vpe0y.

2 Physical picture of destabilization mechanism

To strictly solve Eq. (IH) and Eq. (I8), we have to treat the singular magnetic filed struc-
ture in the x direction. The whole point of this discussion is to capture the physical
picture of the destabilization mechanism of the tearing mode. For simplicity, the singu-
larity in the z direction is represented by A’ which is the solution of the outer region of
Eq. (IH). In the inner region which is the resistive layer, 97 > k2 and B{% = Byoz/a can
be assumed. Thus, the eigenvalue equation can be simplified as
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where, 1/77 = k,Va.




Tearing mode

We start to discuss the destabilization mechanism of the normal tearing mode, namely,
we do not consider the background electron pressure gradient. Thus, d/dt’ — d/dt and
w = iy. We use the constant-¢) approximation. Under the constant-i) approximation, we
define the following notation.

A (z,y,t) = Ae®wv=t) = (A,(0) + ALz + - ) e & A0+ Aly (19)

As is widely known, the solutions for o, and A, for z — +o0o must be matched to the
asymptotic forms

By = Tp(x)elFvy=w) g el (=) — o0 — congt,, (20)
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Here, A0 denotes the constant value at x = 0 for A,(z) at 2 — oco. With this boundary
condition, Eq. (I7) can be written as
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with the condition that the resistivity n for x — oo can be neglected. Eq. (I8) may be
integrated from x = 0 to x = oo to yield the constraint
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Using Eq. (24) into Eq. (B0), and re-organizing, we can obtain
o VA 9v,
T 2 Ox

(31)
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Applying Eq. (I4) to Eq. (I7) for 2 — oo and substituting Eq. (B1), the time evolution
equation for Al can be derived as
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The exact solution of @, (z) for the constant-i) approximation is known as

w G Q) u) e

where [ and L are the modified Bessel function and the modified Struve function. With
this exact solution, dv,/dx for  — 0 becomes
07,
ox

(34)

Solving Eq. (I8) for 92A, and integrating the equation with this exact solution of 7,

dA, 225 72

= Al = —yTaT : 35
or 7T T TTAB12AT(9/4)1(13/4) (35)
for x — 0o. From Eq. (B4) and Eq. (B3),
86:1: YTA 71
——=A,, (36)
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and using this into Eq. (B2), we obtain the following relation.
- B S A
d ji_ Bt TA 1 (37)
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(See the Mathematica script for the detail calculations for from Eq. (B3) to (B2).)
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